A manifestly gauge invariant formulation of the coupling of the Maxwell theory with an Einstein Cartan geometry is given, where the space time torsion originates from a massless Kalb-Ramond field augmented by suitable U (1) Chern Simons terms. We focus on the situation where the torsion violates parity, and relate it to earlier proposals for gravitational parity violation.
Introduction
In Einstein-Maxwell theory, it is well-known that the electromagnetic field-strength F µν , defined as the generally-covariant curl of the four-potential A µ , reduces to the flat space expression on account of the symmetric nature of the Christoffel connection [1] . However, when gravitation is taken to be described instead by Einstein-Cartan theory, i.e., a theory where the connection has an antisymmetric piece (known as spacetime torsion), the situation changes quite drastically, because the electromagnetic field strength, again defined through the covariant curl, is no longer gauge invariant [2] . As we shall argue later, the torsion tensor must necessarily obey this invariance and as such cannot be used to compensate for the loss incurred in the field strength tensor. Since electric and magnetic fields are measurable quantities irrespective of the concomitant existence of a curved background geometry, this breakdown of gauge invariance is not acceptable. Thus, one is led to infer that a coupling of Maxwell electromagnetism to Einstein-Cartan theory through the minimal coupling prescription is not possible.
Recently, one of us (SS), in collaboration with Mukhopadhyaya [3] have explored the possibility of inducing gravitational parity violation through incorporation of such violation in the torsion tensor itself. In this manner, one obtains parity violating actions for pure gravity as well as for a host of matter couplings. However, in that paper, the coupling of gravity to non-gravitational fields is achieved through the minimal coupling prescription, and, as such, for reasons mentioned above, cannot be generalized to include electromagnetism. If gravitational parity violation is to be observable, even prospectively, one of the arenas for its observation might be the anisotropies of the Cosmic Microwave Background Radiation (CMBR) [4] . Therefore, it is of utmost importance to ascertain how the Maxwell field couples to the Einstein-Cartan system, possibly exhibits parity violation in the CMBR anisotropies, and yet manifestly remains gauge invariant. There do exist phenomenological models where parity violation is achieved in gravito-electromagnetic systems, leading to CMBR anisotropies [5] . It is the purpose of this paper to investigate general theoretical underpinnings of such models, so that they appear more natural. The key ingredient in our approach is the idea of non-minimal coupling of torsion to the electromagnetic field, maintaining manifest U(1) gauge invariance.
Gauge Invariance and Torsion
As already stated, the electromagnetic field strength is defined by
where the covariant derivative is to be written as
where the affine connection Γ includes torsion. Thus the expression for F µν in our case turns out to be
which is obviously not invariant under the standard U(1) electromagnetic gauge transformation δA µ = ∂ µ ω. Now, the torsion tensor T ρ µν -a purely geometric quantity like curvature must be gauge invariant. To see why this must be so, consider the behaviour of a charged scalar field under transport along a closed curve, as essentially given by
where, ∇ µ ≡ D µ + A µ . In (4), the lhs transforms exactly like φ under U(1) gauge transformations, as does the second term on the rhs as F µν is gauge invariant. It follows that the torsion tensor in the first term on the rhs must therefore be gauge invariant. Thus, as already mentioned earlier, it is not possible to use it to compensate for the loss of gauge invariance manifest in (3).
If indeed no other non-gravitational fields are available, a gauge invariant coupling of the Maxwell field to torsion might well nigh be impossible. The situation is far more hopeful if there exists yet another non-gravitational field, possibly massless, to function as the source of the torsion. Within the option of bosonic fields, the Kalb-Ramond (KR) antisymmetric second rank tensor field B µν appears as a possible candidate. Indeed, a contact coupling between such a field with the electromagnetic field strength tensor, has already been proposed [6] . Now, since B µν is a massless antisymmetric field, it is expected to be a gauge connection, as indeed it is, with the following gauge transformation δB µν = ∂ [µ Λ ν] which leaves its field strength H µνλ ≡ ∂ [µ B νλ] gauge invariant. Unfortunately, in [6] (and other earlier works on this theme), this invariance has not been sufficiently respected.
There is yet another reason to consider the massless KR field: it is an inescapable part of the massless spectrum of any critical string theory, appearing upon compactification to standard four dimensional spacetime [7] . The gauge invariance mentioned above is of course well-known in the string context.
Gauge Invariant Einstein-Cartan-Maxwell-KalbRamond Coupling
The first step is to realize that in order to obtain a coupling that is invariant under both electromagnetic and Kalb-Ramond gauge transformations, the KR tensor potential must be endowed with a non-trivial electromagnetic gauge transformation property, and the KR field strength must be modified with the addition of an electromagnetic Chern Simons three tensor. One of the motivations of the latter comes from string theory, where the KR 3-form H is modified by addition of Yang-Mills and gravitational Chern Simons 3-forms to ensure that the quantum theory is anomaly free. Thus, the modified KR field strength three-tensor in our case is defined as
This modified tensorH µνλ is gauge invariant under standard U(1) gauge transformations, provided we stipulate that the KR potential transforms under U(1) gauge transformations as δB µν = −ω F µν . We have of course used the standard Bianchi identities for the Maxwell field involving the Christoffel connection. Further, the Maxwell field is assumed to be left invariant under KR gauge transformations. We now propose the following action for a manifestly gauge invariant Einstein-CartanMaxwell-Kalb-Ramond coupling,
where R is the scalar curvature, defined as R = R αµβν g αβ g µν . R αµβν is the RiemannChristoffel tensor:
The torsion tensor T µνλ is an auxiliary field in eq. (6), obeying the constraint equation
Thus, the augmented KR field strength three tensor plays the role of the spin angular momentum density [2] . Substituting the above equation in (6) and varying with respect to B µν and A µ respectively, we obtain the equations
and
Clearly, these equations of motion are manifestly gauge covariant under both gauge transformations. The interaction term thus has the structure
Now, the KR three tensor is Hodge-dual to the derivative of a spinless field φ, so that, after a partial integration, one obtains,
where, * F µν ≡ ǫ µνλσ F λσ . Here, we have noted the fact that
by the Maxwell Bianchi identity, where, D S is the covariant derivative using the Christoffel connection.
In standard string theory inspired applications to high energy phenomenology, the spinless field is considered to be a pseudoscalar -prospectively an axion. Here we depart from this interpretation. In ref. [3] , it has been shown how to construct parity violating actions in pure gravity as well as with matter couplings, by starting with a parity violating torsion tensor and using the minimal coupling prescription. Although the above construction of torsion coupling of the electromagnetic field using the KR antisymmetric tensor field is not minimal in the sense of [3] , parity violation can easily be incorporated here as well. Indeed, it has already been noted [5] that the interaction (12) above induces parity violation for the electromagnetic field, provided φ is a scalar field. However, the rationale for such a proposal might be construed to be in need of a firmer theoretical underpinning. The derivation of the action above provides a compelling theoretical base for this proposal. At the level of the antisymmetric KR potential, the proposal that φ is a scalar may be interpreted as stipulating that this potential is a second rank antisymmetric pseudo-tensor, as in ref. [3] . One might add that there indeed exists a real scalar field in the massless spectrum of any quasi-realistic string theory, namely the dilaton. Notice that the crucial ingredient in inducing gauge invariant parity violating couplings of the electromagnetic field has been the augmentation of the KR field strength by the Chern Simons term.
Conclusions
Two issues have been addressed in the foregoing : that of coupling torsion to the Maxwell field in a way that respects all Abelian gauge symmetries, and that of using such a coupling to obtain gauge invariant parity violation for the electromagnetic field. It has been argued [5] , [4] that in the presence of a coupling as depicted in (12) above, photon polarizations become asymmetric. This might lead to a possible understanding of the CMBR anisotropies.
